We study the apsidal precession of a Physical Symmetrical Pendulum (Allais' precession) as a generalization of the precession corresponding to the Ideal Spherical Pendulum (Airy's Precession). Based on the Hamilton-Jacobi formalism and using the technics of variation of parameters along with the averaging method, we obtain approximate solutions, in terms of which the motion of both systems admits a simple geometrical description. The method developed in this paper is considerably simpler than the standard one in terms of elliptical functions and the numerical agreement with the exact solutions is excellent. In addition, the present procedure permits to show clearly the origin of the Airy's and Allais' precession, as well as the effect of the spin of the Physical Pendulum on the Allais' precession. Further, the method can be extended to the study of the asymmetrical pendulum in which an exact solution is not possible anymore.
Introduction
A physical symmetrical pendulum is a particular case of the symmetrical top in which the center of mass (CM) is located below the fixed point, and the precession and spin can be considered as small perturbations with respect to the nutation * . Lagrange [1] ; Poisson [2] ; Golubev [3] and Leimanis [4] , found exact solutions (in terms of elliptical functions) for the dynamics and kinematics of the symmetrical top under the action of gravity. On the other hand, Johansen and Kane [5] obtained an approximate solution for the Ideal Spherical Pendulum (ISP) using the method of averaging by using canonical variables. In addition, Miles [6] analyzed the response of the ISP under a harmonic excitation, while Hemp and Sethana [7] studied the dynamics of the ISP when the support undergoes vertical motion.
More closely related with this paper are the articles of Airy [8] , Olsson [9] and Synge [10] . By using different methods of approximation, these authors found the angular frecuency of precession that undergoes the apsidal axis of the projection of the ISP trajectory (the so-called Airy's precession). In these studies it is assumed that the motion starts with small initial amplitudes. More recently, Gusev, Rudenko and Vinogradov [11] , considered this precession when the pendulum is submitted to small perturbations coming from the anisotropy of the support and they found an analytical formula for the angular frequency of the plane of oscillation as a function of the initial conditions and the anisotropy of the support.
As for the Physical Symmetrical Pendulum (PSP), the most usual analysis of its dynamics is greatly simplified due to the assumption of spin dominance, in which the nutation and precession are considered small perturbations [12] . By contrast, we study the symmetrical top (i.e. the PSP) considering it as a pendulum with a fixed point, in a regime of nutation dominance. We shall assume that the pendulum is released near to the surface of the earth with small initial amplitudes and a small transverse initial velocity, but without initial spin (with respect to the earth). On the other hand, in an inertial reference frame the PSP has a small correction to the initial precession and spin (owing to the rotation of the earth), but they are very small (of the order of 10 −4 rad/seg) and are kept small at all times, from which the nutation becomes the dominant motion. In this regime of initial conditions the PSP describes trajectories that are approximately elliptical and that precess very slowly. In the case of the ISP this effect is called "Airy's precession" while in the case of a physical pendulum (which is our case) we shall call it "Allais' precession" [13] . The results of this study represent a first approximation to the dynamics of the paraconical pendulum, originally designed by Allais, and currently used widely by many researchers in the characterization of gravitational anomalies during eclipses [14] . As we shall see, the spin introduces a significant correction to the precession of the PSP (with respect to the precession of the ISP).
Our paper is distributed as follows: In section 2, we study the Ideal Spherical Pendulum, using the Hamilton-Jacobi approach combined with the technics of variation of parameters and the averaging method. These approximate results are numerically compared with the exact solution showing an excellent agreement between them even for long times. In this approach, the Airy's precession appears naturally. The methods developed in this section are applied to the symmetrical physical pendulum in section 3, and once again an excellent agreement with the exact solution even for large times is apparent. The corresponding Allais' precession appears clearly from the formalism, as well as the correction to this precession coming from the spin. Section 4 shows our conclusions and appendix 6 shows some few technical details.
Apsidal precession in the ideal spherical pendulum
We now study the origin of the Apsidal precession of the ideal spherical pendulum, keeping in mind that our aim is just to establish the general framework to apply a similar procedure for the physical symmetrical pendulum. We assume that the (small) initial amplitudes are of the order of 0.1 rad (experimental conditions).
Let us consider a system of axes XY Z fixed on an inertial reference frame and the spherical pendulum of mass m and length l, as displayed in Fig. 1 Inertial system XYZ and the spherical pendulum. The angular coordinates θ and ϕ are shown, as well as the weight and tension.
The natural coordinates that exhibit the symmetries of the IPS are the spherical coordinates θ and ϕ. The Lagrangian in such coordinates becomes
The associated canonically conjugate momenta are given by
since ϕ is cyclic, its conjugate momentum p ϕ is constant and can be identified as the z−component of the angular momentum. The Hamiltonian of the system reads
or in dimensionless units
where we have introduced the following definitions
Now we introduce a canonical transformation: (θ, ϕ, P θ , P ϕ ) → θ , ϕ,P θ , P ϕ which keeps unaltered the variables associated with the precession (so that the constant of motion is still apparent), and permits to eliminate the circular functions from this Hamiltonian. An appropriate generating function of type II [12] for this Canonical Transformation (CT) reads
The formulas of transformation for the variables that describe the nutation are given bȳ
while the new variables that describe the precession are identical to the old ones. Therefore, we continue using the same symbols ϕ and P ϕ for them. Using this result in Eq. (4) we obtain the new Hamiltonian
Now, since we are interested in a regime of small initial amplitudes (i.e. small values of θ 0 ) and sinceθ ≡ sin θ, we also have small values of the coordinateθ. Consequently, we can expand the radical in power series and keep terms up to fourth order inθ. We do this because this is the lowest order in which the apsidal precession appears. By doing such an expansion and omitting constant terms in the Hamiltonian we obtain
We identify the terms up to second order in the momenta and/or variables with the non-perturbed Hamiltonian (let us recall that all momenta and variables are dimensionless), while higher order terms are identified with the Hamiltonian of perturbation
We shall use these Hamiltonians to determine the approximate solutions for the ISP. To do it, we shall apply the Hamilton-Jacobi formalism along with the technics of variation of parameters as well as the method of averaging.
Restricted Hamilton-Jacobi Method for the non-perturbed Hamiltonian
We start by finding the exact solution for the Hamiltonian H 0 by means of the implementation of the restricted HamiltonJacobi (RHJ) method, that is for the Hamilton's Characteristic Function [12] . Equation (10a) shows that ϕ is cyclic in H 0 , hence we can write the Hamilton's Characterisitc Function W in the form
where P ϕ ≡ α 2 is the canonical conjugate momentum associated with ϕ, and the RHJ equation for H 0 becomes 1 2
∂W ∂θ
where α 1 corresponds to the numerical value of H 0 i.e. the mechanical energy of the system described by this Hamiltonian
Equation (12) is an ordinary differential equation for Wθ that can be solved directly
and the function W given by (11) becomes
The new angular variables are obtained from
the initial conditions that we shall consider [Equations (32a) with θ 0 << 1 Rad], combined with Eq. (13) lead to α 2 1 > α 2 2 , and 0 < θ < π/2. The first condition says that k 2 is a positive constant while the second condition leads us to preserve only the upper sign in Eqs. (16) . Further, the sign of the integral associated with the equation for ∂W/∂α 2 is chosen accordingly
in order to evaluate this integral we use Eq. (16) to define the variable
substituting (19) in (18) we can write ϕ as
From Eqs. (16), (14) and (20) we haveθ
these equations along with P ϕ = α 2 , form the solution for the non-perturbed Hamiltonian H 0 .
Method of averaging using canonical variables for the complete Hamiltonian
The next step is to obtain an approximate solution for the complete HamiltonianH of Eq. (9), based on the exact solution (21) for the non-perturbed Hamiltonian H 0 . To do this, we shall use the method of averaging using canonical variables. Our approach is a variation of the approximation proposed by K. F. Johansen and T. R. Kane [5] . The goal of such an approach is to obtain a set of approximate equations of easy solution for the canonical variables, by applying the averaging method in the version proposed by Krylov-Bogoliubov-Mitropolsky [17] . As we shall see, this technics is based on the variation of parameters and "the fast integration". In the framework of the Hamilton-Jacobi equation for Hamilton's Principal Function, it is clear that the transformations (21) are associated with a generating function of type II given by
such that
Note that at this step we are using the Hamilton-Jacobi formalism for the Hamilton's principal function S. This is a natural choice since at this moment what we pretend is to see the way in which H 1 modifies the exact solution (21) of H 0 . We can do this by demanding that the associated CT reduces the total Hamiltonian H 0 + H 1 to the Hamiltonian H 1 .
Of course, it means that the new Hamiltonian must be numerically different from the old one, and it is possible only if the generating function depends on time explicitly as is the case of S 0 . We can then propose a generating function S for a canonical transformation to a new set of canonical variables Q 1 , Q 2 , P 1 and P 2 if we replace in S 0 the constants α 1 and α 2 by P 1 and P 2 respectively, that is
where now P i and Q i have become variables (this is the method of variation of parameters). The transformations induced by (24) are obviously (21) but with the replacements
where
The new Hamiltonian K as a function of Q 1 , Q 2 , P 1 and P 2 is given by
where we have used H 0 = P 1 and ∂S/∂t = −P 1 . Expressing H 1 [Eq. (10b)] in terms of these new variables, yields
Consequently, we can obtain an exact solution for the Hamiltonian (9), by solving the Hamilton equations for Q 1 , Q 2 , P 1 and P 2 as a function of τ and substituting them in Eq. (25). Nevertheless, we recall that it is not our goal. Rather, we shall obtain a set of approximate equations of motion with easy solution in terms of elementary functions. For this, we first consider in Eq. (25), that Q i and P i are functions that vary very slowly within a period π of the θ coordinate † (as it is customary in the quasi-harmonic approximation). Hence, an approximate solution for the canonical variables of the complete Hamiltonian (9) is still given by (25) but with Q i and P i representing solutions of the Hamilton equations with K replaced by its average over a period T , this approximation yields
where we have neglected the variations of all Q i and P i within a period, and k is given by (26). Note that the new coordinates are all cyclic in this averaged Hamiltonian. Consequently, under this approximation all new canonical momenta are kept constant. The equations of motion for these new coordinates becomė
The integration of these equations is straightforward
the constants Q 10 and Q 20 are obtained by using the initial conditions and evaluating (25) and (31b) at τ = 0.
Approximate solution for the ideal spherical pendulum
Let us find an approximate solution for the ideal spherical pendulum associated with the elliptical mode characterized by initial conditions in which the pendulum is released with a small initial amplitude θ 0 and a small initial precession but without initial nutation (initial conditions with respect to the earth). As we have discussed, owing to the rotation of the earth the initial precession with respect to an inertial reference frame is slightly different. Therefore, in an inertial reference frame the initial conditions become
we also take l = 1m. According with Eq. (7), the initial conditions (32a) are transformed intō
By applying the initial conditions (32a) in Eqs. (2, 5) we see that P θ (0) = 0. Moreover, by combining Eqs. (13, 17, 31a, 31b) , we obtain the following expressions for the constants
The new coordinates (31b) are
and the approximate solutions (25a) and (25c) yield
In Figure 2 we show the solutions obtained with the approximation (36) and the exact solutions for the initial conditions θ 0 = 0.1rad,φ 0 = 1.00167 rad/s. In part A of this figure we superpose the graphics of the polar angleθ and sin θ. Note that they cannot be distinguished. In part B it is shown the exact (increasing) azimuthal angle and the approximate one (monotonic piecewise). It is observed that both graphics coincide for 0 ≤ τ ≤ τ π/2 where τ π/2 corresponds to the value of τ for which the phase of the function tan x in (36b) is equal to π/2. It is clear that the discontinuities in the derivative appear for values (2n + 1) π/2 of the argument where n = 1, 2, . . . However, we can correct such a problem by introducing the angle γ such that
solving for γ we obtain
Note that by means of the identity (37), the strictly increasing phase (Q 1 + τ ) has been extracted from the argument of the function tan x, and we have introduced a phase γ that oscillates and remains always finite as argument of the function arctan x. Substituting in (36b) we finally get
and the parameter Q 20 in Eq. (34c) can be rewritten in terms of the initial conditions as Figure 3 shows the superposition of the graphics for the azimuthal angle ϕ (curve) obtained from the exact solution and the approximation (39), for 500 ≤ τ ≤ 510. Like in the case of the polar angle we observe that the exact and approximate solutions cannot be distinguished from each other. The interval to plot was chosen in order to exhibit the asymptotic behavior of the approximate solution.
The period of motion is by definition twice the period of the coordinateθ (36a), such that in this approximation the period (in dimensionless units) is given by
and for our current example it yields T = 2.00847s, whose deviation with respect to the exact period is one part of 10 6 [16] . From Eq. (36b) it is followed that the approximate solution forφ has the same period T of θ. The straight line shown in Fig. 3 corresponds to the linear approximation for the function ϕ (τ ) given bỹ Finally, we obtain the average angular velocity of the apsidal precession. That is, the quotient between the angular excess over 2π and the period of the motion
and using Eq. (34a) we see that it coincides with the angular velocity in the Airy's apsidal precession [8] 
Geometrical interpretation of the solution
We conclude the study of the dynamics of the ISP by expressing the solutions obtained so far in terms of the cartesian coordinates. As we shall see, it permits us to give a simple geometrical interpretation to the projection of the motion on the XY plane, when we use the approximate solutions (36). In terms of the spherical coordinates, the dimensionless cartesian coordinates yield
and replacing the approximate solutions for θ and ϕ, we obtain an approximate solution for the dimensionless cartesian coordinates (see appendix) Figure 4 shows the projection of the trajectory on the XY plane for the initial conditions θ 0 = 0.1 rad,φ 0 = 1.00167 Rad/s and 30nT ≤ t ≤ (30n + 1)T with n = 0, 1, 2; using the approximation (46) and the exact solution. Once again, the comparison shows that the superposition of both solutions makes them indistinguishable. It is easy to see that the parametric equations (46) describe an ellipse of semiaxes a and b with angular frequency ω (in standard units), given by
the matrix of rotation in Eq. (46) shows that such an ellipse precesses counterclockwise with angular frequency the last expression is the so-called apsidal Airy's precession [8] . As a matter of consistency, whenφ 0 = 0, and ω a = 0, the difference of phase α 1 /8 given by Eq. (48) coincides with the relative variation of first order of the frequency of a plane pendulum with finite amplitude θ 0 [12] . Whenφ 0 = 0, equation (34a) shows that α 2 = 0, so that this variation is corrected by α ) as an effect of the precession. Finally, we should emphasize that the expression obtained by us for the apsidal Airy's precession does not depend on the a priori assumption that Airy makes with respect to the elliptical trajectories of the projection of the pendulum motion [8] . Such a feature is deduced in our framework in a natural manner as a consequence of the slow variation of the new coordinates. We point out that the method also provides the correction to the period up to second order in the coordinates.
Physical Symmetrical Pendulum
We define a Physical Symmetrical Pendulum (PSP) as a rigid solid with an axis of symmetry that can rotate freely around a fixed point (support) located at one edge of the symmetry axis and in which the center of mass (CM) is located below the fixed point. An example is a disc supported by a cylindrical rod hung on an edge, as shown in We use the Euler angles θ, Φ, ψ as generalized coordinates. As shown in Fig. 5 , these angles provide the orientation of the system of axesXȲZ fixed to the pendulum, with respect to the inertial system of axes XY Z. We can note that there is a difference of phase of π/2 between the Euler angle Φ and the azimuthal angle ϕ of the spherical coordinates, that is Φ = ϕ + π/2.
The components of the angular velocity ω in the basis of axesXȲZ fixed to the pendulum, yield [12] ωx =Φ sin θ sin ψ +θ cos ψ, ωȳ =Φ sin θ cos ψ −θ sin ψ, ωz =Φ cos θ +ψ (51) it is clear that in the system of axisXȲZ, the position r cm of the CM, gives
where l is the distance from the fixed point to the CM, while in the inertial system of axis XY Z, it becomes
Finally, the Lagrangian of the system is given by
where Ix and Iz are the moments of inertia of the pendulum with respect to the axesX andZ fixed to the body. The constant canonical momenta associated with the cyclic coordinates Φ and ψ are given by
Hamiltonian of the PSP
The Lagrangian (54) is a homogenous function of second degree, the transformation from cartesian to generalized coordinates does not depend on time, and the potential does not depend on the generalized velocities. Thus, the Hamiltonian h becomes the total energy of the system and can be expressed in canonical variables as follows
where we have used the definitions
the parameter α accounts on the shape of the pendulum. For a PSP like the one represented in Figure 5 , α > 1 and its ellipsoid of inertia is prolate. In this study we are interested in this case. When α < 1 we would have an oblate ellipsoid of inertia while α = 1 corresponds to an spherical ellipsoid. Now we proceed in a way similar to the case of the ISP. That is, we introduce a generating function similar to (6) , that leaves the variables of precession and spin unaltered
which leads to the following transformation between canonical coordinates
and the Hamiltonian becomes
where we have preserved the symbols of the variables that describe precession and spin. Expanding up to fourth order in θ and neglecting constant terms, the Hamiltonian becomes
for future purposes, it is convenient the following separation
It is easy to realize that this separation is not consequent with the perturbation theory, since in bothH 0 andH 1 there are terms of order two and four. Indeed this separation has the aim of matchingH 0 with the Hamiltonian of the ISP (9), instead of implementing a standard perturbation theory.
To do that, we introduce a new generating function
which leaves invariant the variables that describe the nutation and transforms the precession and spin variables as follows
and the new Hamiltonian becomesH
Since (69a) coincides with (9), we can consider equations (25) as the solution of the HamiltonianH 0 and then we construct an additional CT that permits to reduce the new Hamiltonian toH 1 alone. This is the task of the next section.
Variation of Parameters
According with the results of the previous section, we consider the approximate solution (25) as the solution of (69a), that isθ
with
This solution suggests to construct a last CT to the new variables Γ i , Π i , with i = 1, 2, replacing the constants Q i0 by Γ i , and P i by Π i (variation of parameters), while leaving unaltered the variables that describe the spin degrees of freedom
Indeed, the CT given by (72) is a particular case of a more general class of canonical transformations (Q, P ) → (Γ, Π) that we call Linear Transformations (see appendix). There is a generating function of type II associated with these transformation
, and the new Hamiltonian K as a function of Γ i and Π i is obtained from
where we have used our a priori assumption that (70) is the exact solution forH 0 , that is
such thatH 1 described by (69b) in terms of these new variables, is the new Hamiltonian
where ω 1 = 1 − Π 1 /8. It is clear that Γ 1 is still a slowly varying coordinate, such that we can neglect its variation within a period of time T = 2π/ω 1 . Carrying out a "fast integration" with respect to τ we see that the oscillating term vanishes and the averaged Hamiltonian becomes
it is observed that the coordinates Γ are cyclic within this averaged Hamiltonian so that the new momenta are constant (within our approximation) and equal to their initial values
while the equations of motion for the new coordinates arė
integrating out we have
By virtue of these results, the relations (70) are still approximate solutions for the variablesθ,P θ ,Φ of the system described by (63), where P 1 , P 2 , and k are the constants defined by (71b)-(71d), while the time evolution of the functions Q i in (72) yields
As for the spin angle ψ, it can be obtained from (68b)
It is important to point out that despite the multiple canonical transformations carried out to reduce the exact Hamiltonian (58) to the approximate Hamiltonian (76), the new coordinates (Γ 1 , Γ 2 , Γ 3 ) has an apparent physical description with respect to the original coordinates (θ, Φ, ψ), that is: the coordinate Γ 1 still describes the nutation, the coordinate Γ 2 still describes the precession and Γ 3 describes the spin. As we shall see later, this fact simplifies considerably the geometrical analysis of the solutions. Now, we shall obtain the approximate solutions associated with the elliptic mode with this method, and then we compare them with the exact solutions. We are interested in the geometrical interpretation of these solutions and then verify the globality of them (that is we intend to check how close are the approximate solutions with respect to the exact solutions for long intervals of time).
Approximate solution for the PSP
The initial conditions that characterize the elliptical mode in an inertial reference frame are given by
for these conditions, we have again that P θ (0) = 0, and in terms of the new coordinates they transform according with (61) intoθ
The dimensionless constants of motion P Φ and P ψ are determined from these conditions and equations (55, 56, 59)
and the constants P 1 , P 2 , Q 10 , Q 20 are obtained from (71)
The coordinateθ, is given by (70a)θ
while the azimuthal angle Φ given by (70c) presents the same discontinuities observed in (36b), it is worked out in a similar way of the previous case by introducing the auxiliary function
and the parameter Q 20 in (86) can be rewritten in terms of the initial conditions as
such that the approximate solution for the azimuthal angle becomes
And the spin angle ψ can be obtained from (81). The period of the system, that by definition is twice the period of the angleθ, is given by
comparing with the corresponding period associated with the ISP Eq. (41), we note that the angular momentum associated with the spin P ψ of the PSP, introduces two corrections: (1) In P 1 by means of the definition (85a) of P 2 [compare with Eqs. (31a, 34a)], and (2) In the quadratic correction of the denominator of (91).
From (70c) and (81) we infer thatΦ andψ are periodic functions with the same period T given by (91). Therefore, we can obtain linear approximations for the angles Φ and ψ by using the following definitions
The mean angular velocity of apsidal precession (that we call Allais' precession), can be obtained analogously to the procedure in (43)
where we have used Eqs. (90, 91) and Eq. (85a). By comparing Eq. (95) with Eq. (43) we see clearly the contribution of the spin to the Allais' precession, through the canonical momentum P ψ [compare also the expressions (31a) and (85a) of P 2 for the ISP and PSP respectively]. We also note that the correction introduced by the spin is of the same order of the Z−component of the angular momentum P 2 . Now, introducing the numerical values
we obtain P 1 = 0.0054868 , P 2 = 0.00316787 , P ψ = 0.00317842
the period of motion reads
which is in excellent agreement with the exact solution [16] . The apsidal Allais' precession in this approximation gives
In Fig. 6 we compare the exact solution for the nutation angle θ with the approximate one Eq. (87), for 500 ≤ t ≤ 504 s. It is observed that both solutions are superposed and cannot be distinguished, showing the excellent agreement between them In Fig. 7 we compare the exact and approximate solutions for the azimuthal angle Φ (90) and the spin angle ψ (81), for 500 ≤ t ≤ 504 s. Finally, we compare in Fig. 8 the projections of the trajectory in the XY −plane obtained from the exact solution and from the approximate solution given by (see appendix):
once again the solutions are practically identical. The dotted straight lines show the evolution of the apsidal axis for the intervals of time plotted, which obey the linear equation
Concluding remarks
We have obtained approximate solutions for the equations of motion of the Ideal Spherical Pendulum (ISP) and the Physical Symmetrical Pendulum (PSP), by using a Hamilton-Jacobi approach along with the technics of variation of parameters and the averaging method. The success of the averaging method is due to the presence of variables that vary very slowly within a period of the polar angular coordinate.
In particular, we found approximate expressions for the apsidal precession that undergoes an ISP and a PSP in their elliptical modes, when the pendula are initiated with small initial amplitudes and small angular momenta of precession with respect to an inertial reference frame. In addition, we obtained approximate analytical expressions that describe the projections of the trajectories on the horizontal plane for both types of pendula.
The method implemented in this paper to obtain these expressions is operatively and conceptually simpler than the standard procedure used in obtaining the exact expressions in terms of elliptical functions of Jacobi and Weierstrass. In particular, our method permits to show with clarity the origin of the precession of the ISP and of the PSP. Moreover, in the case of the PSP, our approximate expressions introduce in a natural way the correction due to the spin for its apsidal precession. Up to our knowledge, this is a new approximation for an effect already observed in the paraconical pendulum with symmetrical support.
On the other hand, this method also outlines the way to obtain approximate solutions for the Physical Assymetrical Pendulum (paraconical pendulum), which is still an open problem. It is because canonical transformations to slowly varying coordinates are also possible for the Asymmetrical Pendulum, and in terms of such kind of coordinates the new averaged Hamiltonian leads to trivial (though approximate) equations of motion.
The examples presented here show an excellent numerical agreement of our approximations with respect to the exact solutions. Further, such an agreement is preserved even for long periods of time, so that they are globally valid. Finally, as a consequence of the geometrical interpretation of the approximate trajectories, we have associated the period of elliptical motion T with the period of oscillations of the coordinateθ, this association permits to propose T as the period of motion, which coincides with the exact period up to the order of microseconds.
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Appendix
We present in this appendix the deduction of Eqs. (46) and (100), which expresses the geometrical interpretation that we have done for the approximate solutions obtained in this paper. Further, we prove the canonical character of the Linear Transformation introduced in (72).
1. In order to deduce Eq. (46)
sin (ω a τ ) cos (ω a τ ) θ 0 cos (ωτ ) α 2 /θ 0 sin (ωτ )
.
we start with the following definitions q 1 = x l = sin θ cos ϕ =θ cos ϕ, (104a)
and from the approximate solution for the angle of precession ϕ Eqs. (34)-(36b) we get 
From the definitions (108) and (105c) it can be proved that 
and from the initial conditions associated with the elliptical mode (105b) it follows that
Picking up all these results in Eq. (104a) we see that q 1 =θ cos ϕ =θ 0 cos (ωτ ) cos (ω a τ ) − α 2 θ 0 sin (ωτ ) sin (ω a τ ) ,
with a similar result for q 2 .
2. In order to deduce Eq. (100)
We take into account that Φ = ϕ+ π/2, where ϕ is the spherical coordinate and Φ is the Euler angle. The definitions (104) are converted into
q 2 = y l = − sin θ cos Φ = −θ cos Φ.
On the other hand, the approximate solution for the azimuthal angle Eqs. (70c), (80b) and (86) are given by Φ = 3P 2 8 + P ψ 2 τ + Q 20 + arctan 1 
which can be expressed as
where we have used the auxiliary functions
λ ≡ arctan
from these definitions, it is easy to prove that
sin η = (P 1 + k) cos ωτ + (P 1 − k) sin ωτ θ √ 2P 1 .
using these results and Eq. (117) in Eqs. (115a, 115b), we have q 1 =θ sin Φ = P 1 + k cos (Ω A τ ) cos ωτ − P 1 − k sin (Ω A τ ) sin ωτ, q 2 = −θ cos Φ = P 1 + k sin (Ω A τ ) cos ωτ + P 1 − k cos (Ω A τ ) sin ωτ, and considering finally the conditions (116d) and (116e) it is easy to see that
which proves Eq. (114).
3. Now, to prove the canonical character of the linear transformation in (72), we introduce a more general linear transformation (Q, P ) → (Γ, Π) whose definition is
where f i is any polynomic function of the momenta Π k . The canonical character of this family of transformations follows from the Poisson brackets of the variables Q i , P i with respect to the new variables Γ k , Π k
